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Abstract
Strong separativity is a weak form of cancellativity for commutative monoids. This notion can
be naturally extended to po+-monoids, that is, commutative monoids endowed with a positive,
compatible preordering. Every strongly separative po+-monoid can be embedded, with respect to
the preordering, into a direct product
∏
a∈A(G
+
a ∪R(a)), where the Ga’s are partially preordered
abelian groups, and the R(a)’s are special sorts of lexicographical powers of the positive reals. As
a corollary, we prove that the universal theory of strongly separative po+-monoids is decidable.
Hence, the word problem in 6nitely presented strongly separative po+-monoids is uniformly
solvable. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 06F05; 03B25; 20M14; 08A30; 08C15
1. Introduction
A commutative monoid M is separative (see [6], or [5, Chapter 4]) if 2a= a+b=2b
implies that a= b, for all a; b∈M . Then the following result holds, see [5, Theorem
4:17, p. 134].
Theorem 1. A commutative monoid is separative i* it embeds into a direct product
of the form
∏
i∈I (Gi ∪ {∞}); where the Gi’s are abelian groups.
Here, for an abelian group G; G ∪ {∞} is the commutative monoid obtained by
adding an element ∞ to G, such that g+∞=∞ for every g∈G ∪ {∞}.
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This result is extended by Wehrung in [9] to a certain class of preordered commu-
tative monoids, called there POMs, that we call here po+-monoids. By de6nition, a
po+-monoid is a commutative monoid, endowed with a compatible preordering, and
for which every element is positive, see De6nition 2.1. The notion of separativity is
extended from the corresponding property for commutative monoids, see De6nition 2.8.
Wehrung’s result can be stated as follows:
Theorem 2. A po+-monoid A is separative i* it embeds into a direct product of the
form
∏
a∈A(G
+
a ∪ {∞}); where the Ga’s are partially preordered abelian groups.
In Theorem 2, for a preordered abelian group G; G+ denotes the submonoid of
positive elements of G. The Ga’s are the universal groups of certain quotients of the
po+-monoids Aa introduced in Notation 2:7. Moreover, Wehrung proves that separa-
tivity in the case of po+-monoids is equivalent to a certain categorical property, called
the transfer property, which is weaker than injectivity.
In this paper, we extend these results to the class of strongly separative po+-monoids
(see De6nition 2.10). Note that one of the motivations for introducing this axiom lies in
ring theory [1,3]. More speci6cally, we associate with a ring R a commutative monoid
V (R), whose underlying set consists of the isomorphism classes of 6nitely generated
projective left R-modules. Thus, certain module theoretical problems reduce to questions
about separativity or strong separativity in commutative monoids. The concept of strong
separativity for po+-monoids extends the concept of strong separativity for monoids
used, for example, in [1,3]. Note that strong separativity implies separativity. Our main
result is the following:
Theorem 3. A po+-monoid A is strongly separative i* it embeds into a direct prod-
uct of the form
∏
a∈A(G
+
a ∪ R(I)); where the Ga’s are partially preordered abelian
groups; and R(I) is an “iterated ordinal sum” of the positive real line; as de9ned in
De9nition 3:5.
A more precise statement of Theorem 3 can be found in Theorem 4.5.
The po+-monoids Ga are de6ned the same way as in Theorem 2. However, the result
of Theorem 2 is not so interesting in the case where A is strongly separative. Indeed,
0 +∞=∞ +∞=∞, and so G+ ∪ {∞} is not strongly separative. In Theorem 3,
the singleton {∞} of Theorem 2 is “expanded” to the structure R(I).
By using Theorem 3, we obtain the decidability of the universal theory of strongly
separative po+-monoids, see Theorem 7.11. As an immediate corollary of this, we
observe for example the following:
Let A be a strongly separative po+-monoid. If A is 9nitely presented (within
the class of strongly separative po+-monoids), then the word problem in A is
decidable.
We use the following standard notations: For a partially preordered abelian group G,
we denote by G+ the set {x∈G: x¿ 0}, and we put G++ =G+ \ {0}. We
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put LR+ = [0;∞]. For subsets X and Y of a partially ordered set Z , we write X 6Y
(resp., X ¡Y ) if x6y (resp., x¡y) for all elements x∈X and y∈Y . Finally, we
put ↓X = {z ∈Z :∃x∈X; z6 x}, and ↑X = {z ∈Z :∃x∈X; x6 z}, for any subset X of
Z . If I is a totally ordered set with zero (least element), we shall denote this element
by 0I .
2. Terminology
2.1. Basic concepts
Denition 2.1. A po+-monoid is a structure (A;+; 0;6) such that (A;+; 0) is a com-
mutative monoid, and 6 is a “positive” and “compatible” preordering of A, that is, 6
satis6es the two following axioms:
(i) (∀a)(06 a),
(ii) (∀a; b; c)(a6 b ⇒ a+ c6 b+ c).
A po+-monoid is conical if it satis6es the following axiom:
(∀a; b)(a+ b=0⇒ a= b=0).
Remark 2.2. The minimal preordering on a commutative monoid, given by the rule
x6y iN (∃z)(x + z=y), is positive and compatible. In the literature, the terminol-
ogy algebraic is often used instead of minimal. Note that the minimal preordering on
A is the smallest, with respect to the inclusion, positive and compatible preordering
on A.
Denition 2.3. A homomorphism of po+-monoids, in short homomorphism, is an order-
preserving homomorphism of commutative monoids. An embedding e : A ,→ B is a
one-to-one homomorphism such that e(a)6 e(b) implies that a6 b, for all a; b∈A. If
e is the inclusion map, we say that A is a sub-po+-monoid of B. A homomorphism
f : A → B is conical if f(x)= 0B implies that x=0A, for all x∈A.
Remark 2.4. Every embedding is conical.
The proof of the following result goes back to Tarski, see also [8, pp. 72–74].
Proposition 2.5. Let B be a po+-monoid; let A be a sub-po+-monoid of B; let f : A →
LR+ be a homomorphism. Then there exists a homomorphism g : B → LR+ extending
f; that is; such that the following diagram commutes:
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A po+-monoid A is called antisymmetric if its preordering is antisymmetric. Let
m be a positive integer. Then A is m-unperforated if it satis6es following two
axioms:
(∀a; b)(ma=mb ⇒ a= b);
(∀a; b)(ma6mb ⇒ a6 b):
Moreover, A is unperforated if it is m-unperforated for every positive integer m.
Example 2.6. The set Z+ of nonnegative integers, endowed with its usual addition and
ordering, is a minimal, antisymmetric, and unperforated po+-monoid.
Let x and y be elements of a po+-monoid. We say that y absorbs x, and we note
xy, if x + y=y. Note that xy implies that x6y.
If A is a po+-monoid and a is an element of A, we put
A|a= {x∈A:∃n∈Z+; x6 na}:
Note that A|a, endowed with the restrictions of addition and preordering of A, is
a sub-po+-monoid of A. We denote by A=a the quotient po+-monoid of A by the
equivalence relation ≡a de6ned by the rule
x ≡a y ⇔ x + a=y + a for all x; y∈A
with the compatible preordering
[x]a6 [y]a ⇔ x + a6y + a for all x; y∈A;
where [x]a denotes the equivalence class of x modulo the congruence ≡a.
Notation 2.7. We put Aa =(A|a)=a.
2.2. The strong separativity
Strong separativity is a form of cancellativity for po+-monoids. Let us 6rst give
de6nitions of related concepts.
Denition 2.8. Let A be a po+-monoid. Then A is said to be
• preminimal, if it satis6es the following axioms:
(∀a; b; c)(a+ c= b+ c and c6d ⇒ a+ d= b+ d);
(∀a; b; c)(a+ c6 b+ c and c6d ⇒ a+ d6 b+ d);
• cancellative, if it satis6es the following axioms:
(∀a; b; c)(a+ c= b+ c ⇒ a= b);
(∀a; b; c)(a+ c6 b+ c ⇒ a6 b);
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• separative, if it is preminimal and it satis6es the following axioms:
(∀a; b)(2a= a+ b=2b ⇒ a= b);
(∀a; b)(a+ b6 2b ⇒ a6 b):
We observe that preminimality follows from minimality. A minimal po+-monoid
is cancellative iN it is the positive cone of some partially preordered abelian group.
Separativity is a weak form of cancellativity. Note that the following lemma holds:
Lemma 2.9. Let A be a separative po+-monoid. Then Aa is cancellative; for all a∈A
(see Notation 2:7).
We de6ne now the concept of strong separativity, which is intermediate between
cancellativity and separativity.
Denition 2.10. A po+-monoid A is said to be strongly separative if it satis6es the
following axioms:
(i) preminimality,
(ii) (∀a; b)(a+ b=2b ⇒ a= b),
(iii) (∀a; b)(a+ b6 2b ⇒ a6 b),
(iv) (∀a; b)(2a6 a+ b ⇒ a6 b).
Remark 2.11. In the papers [1,3], the concept of strong separativity is applied to com-
mutative monoids, and not to po+-monoids: a commutative monoid M is strongly
separative iN a+ b=2b implies that a= b, for every a; b∈M . It is easy to verify that
M is strongly separative iN M , endowed with the minimal preordering, is a strongly
separative po+-monoid.
Applications of this remark will be found in Corollaries 4.7 and 7.12.
Example 2.12. The set {0; a; b; 1} endowed with the unique monoid structure such that
2a= a+ b= b+ a=2b=1 and 1 + x= x + 1=1 for all x, together with the minimal
ordering, is not separative.
The po+-monoid Z+ ∪ {∞} is separative but not strongly separative.
Consider the po+-monoid M =(Z+ ∪ {∞}) × Z+ endowed with the component-
wise addition, and the minimal ordering. Let A be the sub-po+-monoid of M whose
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underlying set is (Z+×{0})∪({∞}×Z++). Then A is a strongly separative po+-monoid,
but is not cancellative.
We omit the easy proof of the following lemma, which gives an equivalent charac-
terization of strong separativity in po+-monoids:
Lemma 2.13. The following equivalences hold in every po+-monoid:
(i) (∀a; b)(a+ b=2b ⇒ a= b) iff (∀x; y; z)(x + 2z=y + z ⇒ x + z=y);
(ii) (∀a; b)(a+ b6 2b ⇒ a6 b) iff (∀x; y; z)(y + z6 x + 2z ⇒ y6 x + z);
(iii) (∀a; b)(2a6 a+ b ⇒ a6 b) iff (∀x; y; z)(x + 2z6y + z ⇒ x + z6y).
We now introduce linear equations and inequalities, which are needed in Section 4.
Denition 2.14. Let A be a strongly separative po+-monoid. We call linear equation
(resp., linear inequality) any equation (resp., inequality) of the form
a+ mx= b+ nx (resp:; a+ mx6 b+ nx);
where a; b belong to A;m; n are positive integers, and x is the unknown.
An easy application of Lemma 2.13 gives us the following technical lemma:
Lemma 2.15. Let A be a strongly separative po+-monoid; let a; b∈A; let m; n be
positive integers. Let (E): a + mx= b + nx (resp.; (I): a + mx6 b + nx) be a linear
equation (resp.; inequality).
(i) If n¡m and m= n + k; then (E) (resp.; (I)) is equivalent in A to a + kx= b
(resp.; a+ kx6 b);
(ii) if m= n; then (E) (resp.; (I)) is equivalent in A to a + x= b + x (resp.; a +
x6 b+ x);
(iii) if m¡n and n=m + k; then (E) (resp.; (I)) is equivalent in A to a= b + kx
(resp.; a6 b+ kx).
As an immediate consequence of Lemma 2.13, note the following:
Corollary 2.16. Let A be a strongly separative po+-monoid; let n be a nonnegative
integer. Then (n + 1)x= nx (resp., (n + 1)x6 nx) implies that x=0 (resp.; x6 0);
for all x∈A.
3. Ordinal sums
We start with a de6nition.
Denition 3.1. Let A and B be po+-monoids, with B conical. We de6ne the ordinal
sum of A and B, denoted A⊕ B, as the set
{(a; 0B): a∈A} ∪ {(∞; b): b∈B \ 0B}
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viewed as a sub-po+-monoid of (A ∪ {∞}) × B, the latter being endowed with the
componentwise addition and ordering.
Notation 3.2. Let a be an element of A and b be an element of B \ {0}. We denote
by a⊕ 0B the element (a; 0B), and by ∞⊕ b the element (∞; b).
We shall often identify a with a⊕ 0B, and A with A× {0B}.
Remark 3.3. Note that there is no such element as “∞⊕0B”, because ∞⊕b is de6ned
only if b¿ 0.
Furthermore, ∞⊕ b absorbs a⊕ 0, for any a in A and every b in B \ {0}.
We omit the easy, though tedious, proof of the following lemma. The result of
Corollay 2:16 is instrumental in the proof of (iii).
Lemma 3.4. Let A and B be po+-monoids; with B conical.
(i) If A and B are preminimal; then A⊕ B is preminimal.
(ii) If A and B are separative; then A⊕ B is separative.
(iii) If A and B are strongly separative; then A⊕ B is strongly separative.
Of course, even if A and B are cancellative, A⊕ B is not cancellative as a rule. We
shall now de6ne a useful class of po+-monoids.
Denition 3.5. Let (I;¡) be a totally ordered set with zero. We call R(I) the set
{(0I ; 0)} ∪ {(i; r): i∈ I; r ∈R++}
endowed with the addition de6ned by the rule
(i; r) + (j; r′)=


(j; r′) if i¡ j;
(i; r + r′) if i= j;
(i; r) if j¡ i;
and with the minimal ordering.
Notation 3.6. We write 0 instead of (0; 0), and r · xi instead of (i; r) for every i∈ I
and every r ∈R++. In this notation, x has to be thought of as an indeterminate. We
will further put 0 · xi =0, for any i∈ I .
Lemma 3.7. The structure (R(I); 0;+;6) is an antisymmetric; conical; unperforated;
strongly separative po+-monoid.
The structure of R(I) is related to the structure of a primitive monoid, as studied in
Chapter 6 of [11]. Intuitively, it can also be viewed as an iterated ordinal sum (see
De6nition 3.1) of R+ along I .
With respect to the structure of ordinal sum, it is easy to construct new homomor-
phisms from old.
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Lemma 3.8. Let A; A′; B; B′ be po+-monoids with B and B′ conical; let f :A → A′
and g :B → B′ be homomorphisms with g conical. Then there exists a unique homo-
morphism f ⊕ g :A⊕ B → A′ ⊕ B′; such that
(i) (f ⊕ g)(x ⊕ 0B)=f(x)⊕ 0B′ ; for every x in A;
(ii) (f ⊕ g)(∞⊕ y)=∞⊕ g(y); for every y in B \ {0B}.
Moreover; f ⊕ g is an embedding i* f and g are embeddings.
Lemma 3.9. Let I and J be totally ordered sets with zero; and let h : I ,→ J be a
{¡; 0}-embedding. Then there exists a unique embedding R(h) :R(I) ,→ R(J ); such
that
(i) R(h)(0R(I))= 0R(J ),
(ii) R(h)(r · xi)= r · xh(i) for all r · xi in R(I) \ {0}.
We give now some useful technical lemmas about ordered sets.
Lemma 3.10. Let I be a totally ordered set with zero; let U and L be subsets of I .
Suppose that L= ↓L; U = ↑U; U∩L= ∅; and I =U∪L. Then there exists a totally or-
dered set J with zero and a {¡; 0}-embedding h : I ,→ J such that h(L)¡ {p}¡h(U )
for some p∈ J .
Proof. Put J = I ∪{p}. Let i; i′ be elements of I . We endow J with the total ordering
¡ given by the following rules: i¡ i′ in J iN i¡ i′ in I ; i¡p iN i∈L; p¡ i iN
i∈U . Let h : I ,→ J be the inclusion map. Then h is a {¡; 0}-embedding.
Lemma 3.11. Let (Is;6s)s∈S be a collection of totally ordered sets with zero. Then
there exists a totally ordered set (I;6) with zero such that Is {¡; 0}-embeds into S;
for all s∈ S.
Proof. (See [2, p. 71].) Without loss of generality, Is ∩ It = {0}, for all s; t ∈ S
such that s = t. Put I ′s = Is \ {0}, for all s∈ S. Let ≺ be a total ordering on S. Put
I ′=
⋃
s∈S I
′
s ; I = {0} ∪ I ′. Let f : I ′ → S be the map de6ned by i∈ I ′f(i) for all i∈ I ′.
Endow I with the total ordering ¡ given by the rules 0¡i for every i∈ I ′, and i¡ i′
iN either f(i) ≺ f(i′) or f(i)=f(i′) and i¡s i′, for all i; i′ ∈ I ′. Let hs : Is ,→ I be
the inclusion map. Then hs is a {¡; 0}-embedding.
4. Decomposition of strongly separative po+-monoids
4.1. The case of monogenic extensions
This section is mostly devoted to the proof of Theorem 4.2, which leads us to
Theorem 4.5 giving a decomposition for any strongly separative monoid. We 6rst state
the main result of this subsection.
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Proposition 4.1. Let A and B be strongly separative po+-monoids; let e :A ,→ B be
the inclusion map; let I be a totally ordered set with zero; and let f :A → R(I) be
a conical homomorphism. Suppose that B is a monogenic extension of A; i.e.; there
exists b in B \ A such that B=A + Z+b. Then there exist a totally ordered set J; a
{¡; 0}-embedding h : I ,→ J; and a conical homomorphism g :B → R(J ) such that
the following diagram commutes:
In the following proof, we will 6nd an extension J of I and an element +∈R(J ) \
{0} such that the rule g(a + nb)=f(a) + n+, for all a∈A and all n∈Z+, de6nes a
homomorphism. This means that, for any inequality a+mb6 a′ + nb (resp., equation
a+mb= a′+nb) that holds in B, the inequality f(a)+m+6f(a′)+n+ (resp., equation
f(a) + m+=f(a′) + n+) must hold in R(J ).
We 6rst reduce to the case where B is antisymmetric. Indeed, suppose the result of
Proposition 4.1 holds when B is antisymmetric.
In the general case, we de6ne an equivalence relation  on B by the rule x 
y ⇔ x6y6 x. We denote by Lb the equivalence class of b modulo , for any b∈B.
Let Le :A= ,→ B=  be the inclusion embedding. As R(I) is antisymmetric, we can
de6ne a conical homomorphism Lf :A=  ,→ R(I) by the rule Lf( La)=f(a), for all
a∈A. As B=  is antisymmetric, there exist a totally ordered set J with zero, a
{¡; 0}-embedding h : I ,→ J and a conical homomorphism Lg :B= → R(J ) such that
the following diagram commutes:
Let g :B → R(J ) be the map de6ned by the rule g(x)= Lg( Lx), for all x∈B. Then g
is a conical homomorphism, and the following diagram commutes:
Thus we may assume without loss of generality that B is antisymmetric.
For i∈ I , we de6ne a subset Ai of A by
Ai = {a∈A:f(a)∈R++ · xi}:
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Note that if i6 j; a∈Ai, and a′ ∈Aj, then a + a′ belongs to Aj. Furthermore, let
I ′ be a subset of I . We denote by AI ′ the set
⋃
i∈I ′ Ai. We also put A¡r = {0} ∪⋃
i¡r Ai; A6r = {0} ∪
⋃
i6r Ai; A¿r =
⋃
i¿r Ai, for all r ∈ I . Observe that A6r and
A¡r are sub-monoids of A, for all r ∈ I .
We must 6nd a totally ordered set J containing I and an element +∈R(J ) such
that if an inequality of the form a+ mb6 a′ + nb holds in B, then the corresponding
inequality f(a) + m+6f(a′) + n+ holds in R(J ). Since f is a homomorphism, the
case m= n=0 is trivial. Moreover, if a; a′ ∈A \ {0}, then f(a)f(a′) iN a∈Ai and
a′ ∈Aj with i¡ j.
We put I ′= {i∈ I : b∈↓Ai}. DiNerent cases can occur.
Case 1: I ′= ∅. Hence b ∈ ↓A, so we put J = I ∪{∞} with I ¡ {∞}, and +=1 ·x∞.
Let h : I ,→ J be the inclusion map. We 6x a; a′ ∈A; m; n∈Z+ such that m+ n¿ 0,
and we suppose that the inequality a + mb6 a′ + nb occurs in B. If m6 n, then,
by using absorption, we get f(a) + m+=m+6 n+=f(a′) + n+, and we are done. If
n¡m, that is, m= n+ k for some k ¿ 0, then, by the strong separativity of B, we get
a+ kb6 a′ (see Lemma 2.15) and so b6 a′, a contradiction.
Case 2: I ′ = ∅, and I ′ has no least element.
Claim 1. For every k ∈↑I ′; and x in Ak; there exists y∈AI ′ such that b6y and
f(y)f(x).
Proof. Since k ∈↑I ′, and k is not the in6mum of I ′, there exists k ′ ∈ I ′ such that
k ′¡k. Since k ′ ∈ I ′, there is y∈Ak′ such that b6y. From k ′¡k; x∈Ak , and y∈Ak′
follows that f(y)f(x).
Put U = ↑I ′ and L= I \U . Let J; p and h be de6ned as in Lemma 3.10. In particular,
L¡ {p}¡U . We put +=1 · xp. Let a; a′ ∈A, and m; n∈Z+ such that m+ n¿ 0 and
the inequality a+ mb6 a′ + nb holds in B. There are four diNerent cases:
• Suppose that a∈AL ∪ {0} and a′ ∈AL ∪ {0}. If m¿n, that is, m= n+ k for some
k ¿ 0, then, by strong separativity, we get a+kb6 a′; hence b6 a′, a contradiction.
So, m6 n, and, by using absorption, f(a) + m+=m+6 n+=f(a′) + n+.
• Suppose that a∈AU and a′ ∈AL ∪ {0}. By Claim 1, there exists c∈AI ′ such that
b6 c and f(c)f(a). Then a6 a+mb6 a′+nb6 a′+nc; hence, f(a)6f(a′)+
nf(c), a contradiction.
• Suppose that a∈AL ∪ {0} and a′ ∈AU . Then f(a)f(a′) and +f(a′); thus, by
using absorption, f(a) + m+f(a′)=f(a′) + n+.
• Suppose that a∈AU and a′ ∈AU . By Claim 1, there exists c∈AI ′ such that b6 c
and f(c)f(a′). Hence a6 a′ + nc, so f(a)6f(a′); thus, by using absorption,
f(a) + m+=f(a)6f(a′)=f(a′) + n+.
Case 3: I ′ = ∅, and I ′ has a least element q. We shall 6x an element c∈Aq such
that b6 c. Put C =A6q + Z+b, viewed as a sub-po+-monoid of B. We de6ne an
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equivalence relation ∼ on C by the rule
x ∼ x′ ⇔ ∃u; v∈A¡q such that x + u= x′ + v
for all x; x′ ∈A. We denote by x˜ the equivalence class of an element x∈C modulo
∼. As the relation ∼ is a congruence of C, we endow the commutative monoid C= ∼
with the positive and compatible preordering given by the rule
x˜6 x˜′ ⇔ ∃u; v∈A¡q such that x + u6 x′ + v
for all x; x′ ∈C. We put A˜6q = {x˜ : x∈A6q}.
Claim 2. There is a unique homomorphism f˜q : A˜6q → R+ de9ned in the following
way:
f˜q(a˜)=
{
r if a∈Aq and f(a)= r · xq;
0 if a∈A¡q:
Proof. Let fq :A6q → R+ be the homomorphism given by the rule
fq(a)=
{
r if a∈Aq and f(a)= r · xq;
0 if a∈A¡q:
It is easy to verify that fq can be factored through the congruence ∼.
By Proposition 2.5, there is a homomorphism g˜ : C˜ → LR+ extending f˜q. From b∈Aq
follows that g˜(b˜)¡∞.
Note the following claim:
Claim 3. Let x be in A6q. If g˜(x˜) =0 then x∈Aq and f(x)= g˜(x˜) · xq. If g˜(x˜)= 0
then x∈A¡q and 0¡f(x)1 · xq.
Hence, two cases can occur:
Subcase 1: g˜(b˜) =0. Then we put += g˜(b˜) ·xq and J = I . We 6x a; a′ ∈A;m; n∈Z+
such that m+ n¿ 0, and we suppose that the inequality a+mb6 a′ + nb holds in B.
We shall prove that the inequality f(a) + m+6f(a′) + n+ holds in R(J ).
• If both a and a′ belong to A6q, then g˜(a˜)+mg˜(b˜)6 g˜(a˜′)+ ng˜(b˜) holds in R+. By
Claim 3, f(a)+m+=(g˜(a˜)+mg˜(b˜))·xq6 (g˜(a˜′)+ng˜(b˜))·xq = g˜(a˜′)·xq+n+. Further-
more, if a′ ∈A¡q, then g˜(a˜′)= 0 and f(a′)+; hence, f(a)+m+6 n+=f(a′)+n+.
If a′ ∈Aq, then f(a′)= g˜(a˜′) ·xq, and then f(a)+m+6 g˜(a˜′) ·xq+n+=f(a′)+n+.
• If a∈A¿q and a′ ∈A6q, then a6 a+ mb6 a′ + nb6 a′ + nc, a contradiction.
• If a∈A6q and a′ ∈A¿q, then, by using absorption, f(a)+m+f(a′)=f(a′)+ n+.
• If a; a′ ∈A¿q, as a6 a′+nc and by using absorption, the inequality f(a)6f(a′)+
nf(c)=f(a′) holds. By using absorption, f(a) +m+=f(a)6f(a′)=f(a′) + n+.
Subcase 2: g˜(b˜)= 0. Then put U = ↑I ′; L= I \U . Note that q∈U . Let J; p and h
be de6ned as in Lemma 3.10. Put +=1 · xp.
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We have to check, for every a; a′ in A and every m; n in Z+ such that m+ n¿ 0,
that if the inequality a + mb6 a′ + nb holds in B, then the corresponding inequality
f(a) + m+6f(a′) + n+ holds in R(J ).
• Suppose that a; a′ ∈AL ∪ {0}. If m6 n, then, by using absorption, f(a) + m+=
m+6 n+=f(a′) + n+. If m= n + k for some k ¿ 0, then, by strong separativity,
a+ kb6 a′, so b6 a′, a contradiction.
• Suppose that a∈AL ∪ {0} and a′ ∈AU . Then, by using absorption, f(a) + m+=
m+f(a′)=f(a′) + n+.
• Suppose that a∈AU and a′ ∈AL∪{0}. Since a6 a+mb6 a′+nb6 a′+nc; a∈A6q,
but a∈AU , thus a∈Aq, so g˜(a˜)¿ 0. On the other hand, a′ ∈A¡q; thus a˜′= 0˜,
whence a˜6 a˜′ + nb˜= nb˜, so g˜(a˜)6 ng˜(b˜)= 0, a contradiction.
• Suppose that a; a′ ∈AU . Then a6 a + mb6 a′ + nb6 a′ + nc. If a′ ∈ Aq, then
f(a)6f(a′) + nf(c)=f(a′) and then f(a) + m+=f(a)6f(a′)=f(a′) + n+
by using absorption. If a′ ∈Aq, then, since a6 a′ + nc and a∈AU ; a∈Aq. But
then, as a6 a′+ nb; g˜(a˜)6 g˜(a˜′)+ ng˜(b˜)= g˜(a˜′). By Claim 3, f(a)= g˜(a˜) ·xq and
f(a′)= g˜(a˜′) · xq. Then, by absorption, f(a) + m+=f(a)6f(a′)=f(a′) + n+.
In every case, we guessed a correct value + =0 for g(b), which concludes the proof.
4.2. The general case
By applying a simple Zorn argument to the result of Proposition 4.1, we obtain the
following theorem:
Theorem 4.2. Let A and B be strongly separative po+-monoids; let e :A ,→ B be an
embedding; let I be a totally ordered set with zero; let f :A → R(I) be a conical ho-
momorphism. Then there exist a totally ordered set J with zero; a {¡; 0}-embedding
h : I ,→ J; and a conical homomorphism g :B → R(J ); such that the following diagram
commutes:
Corollary 4.3. Let A be a strongly separative po+-monoid; and let a∈A. Then there
exist a totally ordered set Ia with zero and a homomorphism ga :A → Aa ⊕ R(Ia);
such that ga(x)= [x]a ⊕ 0 for every x∈A|a; while ga[A \ A|a] ⊆ {∞} ×R(Ia).
Proof. We put ga(x)= [x]a ⊕ 0 for all x∈A|a. If A=A|a, then we are done. If not,
let y be an element of A \ A|a. Put I = {1}. Let g′ :Z+y → R(I) be the conical
homomorphism given by the rules g′(0)= 0 and g′(ny)= n · x1, for every positive
integer n. Note that A′= {0} ∪ (A \ A|a) is a submonoid of A. By Theorem 4.2, there
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exist a totally ordered set J with zero, a {¡; 0}-embedding h : I ,→ J and a conical
homomorphism g :A′ → R(J ) such that the following diagram is commutative:
As g is conical, 0 ∈ g[A \ A|a]. Let ga :A → Aa ⊕ R(J ) be the homomorphism
de6ned by the rule
ga(x)=
{
[x]a ⊕ 0 if x∈A|a;
∞⊕ g(x) otherwise:
Then ga satis6es the required conditions.
Lemma 4.4. Let A be a cancellative po+-monoid. Then A embeds into a minimal and
cancellative po+-monoid A′.
Proof. Put H = {(a; b): a; b∈A; a6 b}, endowed with the coordinatewise addition. We
de6ne
(a; b) ≈ (a′; b′)⇔ b+ a′= b′ + a; for all a; a′; b; b′ ∈A:
The relation ≈ is trivially a congruence of H . We put A′=H= ≈, and we endow A′
with the minimal preordering. Then, the po+-monoid A embeds into A′, via the map
e :A ,→ A′ given by the rule e(x)= (0; x).
Theorem 4.5. Let A be a strongly separative po+-monoid. Then there exist a totally
ordered set I with zero and a family (Ga)a∈A of partially preordered abelian groups
such that A embeds into the po+-monoid
∏
a∈A (G
+
a ⊕R(I)).
Proof. We 6rst prove that there exists a totally ordered set I with zero such that A
embeds into the direct product
∏
a∈A (Aa ⊕R(I)).
We consider the Ia; ga constructed in Corollary 4.3. By Lemma 3.11, there exist a
totally ordered set I with zero and {¡; 0}-embeddings ha : Ia ,→ I , for every a∈A. For
a∈A, put ka = idAa⊕R(ha) (see Lemmas 3.8 and 3.9). Then, de6ne fa :A → Aa⊕R(I)
by the rule fa = ka ◦ ga, so that the following diagram commutes:
Let f :A → ∏a∈A (Aa ⊕ R(I)) be the homomorphism de6ned by the rule f(x)=
(fa(x))a∈A, for every x∈A.
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We need to prove that f is a po+-monoid embedding. We 6rst prove that f(a)6
f(b) implies that a6 b, for all a; b∈A.
Claim 1. a∈A|b.
Proof. If a ∈ A|b, then, by construction, fb(b)= [b]b ⊕ 0 and fb(a)=∞⊕ r · xi for
some r ∈R++ and some i =0, hence, f(b)f(a), which contradicts f(a)6f(b).
Claim 2. a6 b.
Proof. From a∈A|b and fb(a)6fb(b) follows that [a]b ⊕ 06 [b]b ⊕ 0, that is,
[a]b6 [b]b, hence a + b6 b + b, which leads us to a6 b by using strong separa-
tivity.
Suppose now that f(a)=f(b), for some a; b∈A. We have to prove that a= b. By
the previous claims, we already know that a6 b. By assumption, fb(a)=fb(b). Hence
[a]b = [b]b, i.e., a+ b=2b. By strong separativity, it follows that a= b.
Hence we have proved that f is an embedding.
By Lemma 4.4, for all a∈A, there exists a partially preordered abelian group Ga such
that Aa embeds into G+a . Hence, A embeds into the direct product
∏
a∈A (G
+
a ⊕R(I)).
Remark 4.6. Let A be an unperforated strongly separative po+-monoid. Then the
po+-monoids Aa are unperforated, for all a∈A. As R(I) is also unperforated, then∏
a∈A (Aa ⊕R(I)) is unperforated.
By Remark 2.11, we obtain the following immediate application of Theorem 4.5,
which can be viewed as an analogue of Theorem 1 for strongly separative commutative
monoids:
Corollary 4.7. Let A be a strongly separative commutative monoid. Then there exist
a totally ordered set I with zero and a family (Ga)a∈A of abelian groups such that
A embeds into the monoid
∏
a∈A (Ga ⊕R(I)).
So, we have obtained a decomposition for every strongly separative po+-monoid.
We give an application of this result in Section 5.
5. Universal formulas and congruences
5.1. Universal formulas
Denition 5.1. An atomic formula of the language (+;6 ; 0) is a formula of one
of both forms: (
∑n
i=1 pixi =
∑n
i=1 qixi) or (
∑n
i=1 pixi6
∑n
i=1 qixi), where pi; qi; 16
i6 n, are nonnegative integers, and x1; : : : ; xn are symbols of variable.
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The open formulas of (+;6 ; 0) are built up according to the following rules:
(i) any atomic formula is an open formula,
(ii) if 1 and  are open formulas, then @1; 1 ∨  and 1 ∧  are open formulas.
A universal formula of (+;6 ; 0) is a formula of the form (∀˜x) (˜x), where  (˜x) is
an open formula.
A particular class of universal formulas is given by the following:
Denition 5.2. A universal Horn formula ’ of the language (+;6) is a formula of
the form
’ : (∀˜x)( (˜x)⇒ 5(˜x)); (1)
where  (˜x)=  1(˜x) ∧ · · · ∧  l(˜x) is a conjunction of atomic formulas, and 5(˜x) is an
atomic formula.
Example 5.3. The following universal Horn formula holds in Z+ and in R+, but not
in Z+ ⊕R(2): (∀x1; x2; x3)(x1 + x36 x2 + x3 ⇒ x16 x2).
The following universal Horn formula holds in Z+ and in R(2), but not in Z+⊕R(2):
(∀x1; x2; x3)((x1 + x2 = x2) ∧ (x2 + x3 = x3)⇒ (x1 = 0)).
Notation 5.4. We use the notation A |= ’ for the statement that A satis6es ’. If C is
a class of po+-monoids, we use the notation C |= ’ for the statement that A satis6es
’, for all A∈C.
Lemma 5.5. Let C be a class of po+-monoids closed under 9nite direct product.
Then the universal theory of C is decidable i* the set of universal Horn formulas
which hold in all elements of C is decidable.
Proof. Let 7 be a universal formula. Writing the quanti6er-free part of 7 in normal
conjunctive form, we see that one can without loss of generality restrict attention to
universal formulas 7 of the form (∀˜x)( 1 ∧ · · · ∧  l ⇒ 51 ∨ · · · ∨ 5p), where the  i and
5j are atomic.
Claim 1. Let ’ be a universal formula (∀˜x)( 1 ∧ · · · ∧  l ⇒ 51 ∨ · · · ∨ 5p) as above;
with p =0. Then C |= ’ i* there exists i∈{1; : : : ; p} such that
C |= (∀˜x)( 1(˜x) ∧ · · · ∧  l(˜x)⇒ 5i (˜x)):
Proof. Let  be the formula, we prove the nontrivial direction. Suppose that C 0
(∀˜x)( (˜x) ⇒ 5i (˜x)) for all i. Thus, for every i, there exist a po+-monoid Ai ∈C and
a list a˜i of elements of Ai such that Ai |=  (˜ai) and Ai |= @5i (˜ai). Let A=
∏p
i=1 Ai.
Then, by assumption, A∈C. Denote by 8i the ith projection from A onto Ai. If a˜ is
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the list of elements of A such that for all i, 8i (˜a)= a˜i, then A |=  (˜a), but A |= 5i (˜a),
for all i∈{1; : : : ; p}. Thus C 0 ’.
This concludes the proof of Lemma 5.5.
5.2. Congruences of po+-monoids
Denition 5.6. Let (A;+; 0;6) be a po+-monoid. A congruence on A is a pair (∼;.),
where ∼ is a monoid congruence of A, and . is a preordering relation on A, containing
both 6 and ∼, and compatible with the addition.
We denote by Con A the set of congruences of A.
Remark 5.7. Let (∼;.) be a congruence of a po+-monoid (A;+; 0;6). We denote
by [a] the equivalence class of an element a∈A for the equivalence relation ∼. Note
that the commutative monoid (A= ∼;+; 0), endowed with the preordering  given by
the rule [a]  [b] iN a. b, for all a; b∈A, is a po+-monoid. We call it the quotient
of (A;+; 0;6) by (∼;.). Then, there exists a projection of po+-monoids from A onto
A=(∼;.).
Denition 5.8. Let A and B be po+-monoids, and let f :A → B be a homomorphism.
The kernel of f is (∼;.), where
x ∼ y ⇔ f(x)=f(y);
x . y ⇔ f(x)6f(y);
for all x; y∈A.
Observe that the kernel of the homomorphism f is a congruence of A. Thus, by
Remark 5.7, the congruences of A are exactly the kernels of homomorphisms from A
to some po+-monoid.
The concepts used in the following classical lemma, and elements of its proof, can
be found in [7, pp. 50,103].
Lemma 5.9. The binary relation  on Con A given by the rule
(∼0;.0)  (∼1;.1) iff ∼0⊆∼1 and .0⊆.1
for all (∼0;.0) and (∼1;.1) in Con A; is a partial ordering; and Con A endowed
with  is a complete lattice.
6. Decidability in cancellative po+-monoids
We shall prove in this section that the universal theory of all cancellative po+-
monoids, i.e., the set of all universal formulas of the language (+;6) that hold in
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all cancellative po+-monoids, is decidable. We use this result in Section 7, to prove
that the universal theory of all strongly separative (resp., separative) po+-monoids is
decidable.
Lemma 6.1. (folklore) The universal theory of (R+;+;6) is decidable.
Of course, much more is true, namely: the 6rst-order theory of (R+;+;6) is
decidable.
Proof. In [10, Lemma 2:22, p. 1107], Wehrung considers the 6rst order theory T of
nontrivial linearly ordered Q-vector spaces. He proves that T admits the elimination
of quanti6ers. A similar proof yields easily Lemma 6.1.
Notation 6.2. Let us denote by Ccanc the class of all cancellative po+-monoids.
We shall 6x until Lemma 6.8 a universal Horn formula ’. So ’ has the following
form:
’: (∀x1; : : : ; xn)( (x1; : : : ; xn)⇒ 5(x1; : : : ; xn)) (2)
for 5 an atomic formula and  a 6nite conjunction
 (˜x) :  1(˜x) ∧ · · · ∧  l(˜x);
where  1; : : : ;  l are atomic formulas. Let these formulas have the following form:
 i:


n∑
j=1
pijxj =
n∑
j=1
qijxj if i6m;
n∑
j=1
pijxj6
n∑
j=1
qijxj if m¡i6 l;
(3)
5:


n∑
j=1
ajxj =
n∑
j=1
bjxj if 5 is an equation;
n∑
j=1
ajxj6
n∑
j=1
bjxj if 5 is an inequality;
(4)
where m∈{0; : : : ; l}, and pij, qij, aj, bj, for 16 i6 l and 16 j6 n, are nonnegative
integers.
We wish to determine whether or not ’ holds in every cancellative po+-monoid.
We denote by (e1; : : : ; en) the canonical basis of the free commutative monoid (Z+)n
on n generators. We endow this monoid with the minimal preordering.
Notation 6.3. Let i∈{1; : : : ; l}. Suppose 6rst that  i is an equation. We de6ne ∼i as
the smallest equivalence on (Z+)n such that
(pij)16j6n ∼i (qij)16j6n
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and .i as the smallest compatible preordering relation on (Z+)n containing both 6
and ∼i.
Suppose now that  i is an inequality, for some i∈{1; : : : ; l}. Then we de6ne ∼i
as the equality on (Z+)n, and .i as the smallest compatible preordering relation on
(Z+)n containing 6 and such that
(pij)16j6n .i (qij)16j6n:
Notation 6.4. We denote by Con the set of all congruences (∼;.) of (Z+)n, con-
taining the congruences (∼i ;.i), 16 i6 l, on (Z+)n, and such that the quotient of
(Z+)n by (∼;.) is cancellative.
Remark 6.5. The class Con is nonempty, for the congruence (;.), where  is
the coarse equivalence relation and . is the coarse preordering on (Z+)n, belongs to
Con .
We shall denote by (≡;) the meet, in Con(Z+)n, of all the congruences (∼;.) of
(Z+)n containing (∼i ;.i), 16 i6 l, and such that (Z+)n=(∼;.) is cancellative (see
Theorem 2:4:6, p. 51 in [7]). Note that the po+-monoid (Z+)n=(≡;) is cancellative,
the fundamental reason for this being Theorem 11:2:4, p. 220 in [7].
Lemma 6.6. Let A be a cancellative po+-monoid; let y1; : : : ; yn be elements of A
such that  (y˜) holds in A; and let h : (Z+)n → A be the unique homomorphism such
that h(ej)=yj; for j∈{1; : : : ; l}. Then there exists a unique homomorphism Lh : (Z+)n=
(≡;)→ A such that the following diagram commutes:
Proof. As (Z+)n is the free commutative monoid on e1; : : : ; en, there exists a homomor-
phism of commutative monoids h : (Z+)n → A. Then, as the range of h is cancellative,
the kernel of h lies in Con , hence, contains (≡;), and so, h can be factored through
the congruence (≡;).
Corollary 6.7. In the context of Lemma 6:6; if the atomic formula 5(˜x) holds in
(Z+)n=(≡;); then 5(y˜) holds in A.
Thus, we have proved the following lemma:
Lemma 6.8. Let uj be the equivalence class of ej modulo ≡. The universal Horn
formula ’ holds in every cancellative po+-monoid i* 5(˜u) holds in (Z+)n=(≡;).
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We state without proof the following classical lemma (see [4]), about the decidability
of the Presburger arithmetic:
Lemma 6.9. The set of all 9rst-order formulas true on (Z;+; 0) is decidable.
Proposition 6.10. The universal theory of all cancellative po+-monoids is decidable.
Proof. Suppose without loss of generality, that ’ is of the form described in Eqs. (2)–
(4). By Lemma 6.8, we must decide whether the equation 5(˜u) holds in (Z+)n=(≡;),
where uj is the equivalence class of ej modulo ≡.
Case 1: Suppose that 5 is an equation. Then 5(˜u) holds in (Z+)n=(≡;) iN (aj)16j6n
≡ (bj)16j6n holds in (Z+)n.
We omit the easy proof of the following claim. Instrumental in this proof is the fact
that (≡;) is, by de6nition, the smallest element of Con .
Claim 1. For any (pj)16j6n and (qj)16j6n in (Z+)n; (pj)16j6n ≡ (qj)16j6n i* there
exist y1; : : : ; ym ∈Z such that
(pj − qj)16j6n =
m∑
i=1
yi(pij − qij)16j6n:
Then 5(˜u) holds in (Z+)n=(≡;) iN there exist y1; : : : ; ym ∈Z such that (aj −
bj)16j6n =
∑m
i=1 yi(pij − qij)16j6n, that is, iN the formula
(∃y1; : : : ; yn)

 n∧
j=1
l∑
i=1
yi(pij − qij)= aj − bj


holds in Z. By Lemma 6.9, this problem is decidable.
Case 2: Suppose that 5 is an inequality. As in Claim 1, we obtain the following:
Claim 2. For any (pj)16j6n and (qj)16j6n in (Z+)n; (pj)16j6n  (qj)16j6n i*
there exist p′1; : : : ; p
′
n ∈Z+; y1; : : : ; ym ∈Z and ym+1; : : : ; yn ∈Z+ such that
(qj)16j6n +
l∑
i=m+1
yi(pij)16j6n
= (pj + p′j)16j6n +
m∑
i=1
yi(pij − qij)16j6n +
l∑
i=m+1
yi(qij)16j6n:
Then 5(˜u) holds in (Z+)n=(≡;) iN there exist y1; : : : ; ym ∈Z and ym+1; : : : ; yn,
a′1; : : : ; a
′
n ∈Z+ such that the formula
n∧
j=1
(
bj +
l∑
i=m+1
pijyi = aj + a′j
m∑
i=1
(pij − qij)yi +
l∑
i=m+1
qijyi
)
holds in Z. By Lemma 6.9, this last problem is decidable.
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7. Decidability in strongly separative po+-monoids
The aim of this section is to decide whether a universal formula holds in the class of
all strongly separative (resp., separative) po+-monoids. By Lemma 5.5, we can restrict
our attention to universal Horn formulas.
7.1. The case of strongly separative po+-monoids
Notation 7.1. Let us denote by Cssep the class of all strongly separative po+-monoids,
and by C′ssep the class of all G
+ ⊕ R(I), where G is a partially preordered abelian
group and I is a totally ordered set with zero. Remember that Ccanc denotes the class
of all cancellative po+-monoids.
We shall 6x from now a positive integer n, n symbols of variable xj, 16 j6 n,
and a universal Horn formula
’ : (∀˜x)( (˜x)⇒ 5(˜x));
where  (˜x) :  1(˜x) ∧ · · · ∧  l(˜x) is a conjunction of atomic formulas, and 5(˜x) is an
atomic formula.
Lemma 7.2. Let (Ak)k∈K be a family of po+-monoids. Then the universal Horn for-
mula ’(˜x) holds in
∏
k∈K Ak i* ’((˜x)k) holds in Ak for every k ∈K .
As every element A of the class Cssep embeds into a po+-monoid of the form∏
a∈A (Ga ⊕R(I)), the following corollary of Lemma 7.2 holds.
Corollary 7.3. The universal Horn formula ’ holds in Cssep i* ’ holds in C′ssep.
Notation 7.4. We denote by :n the set of all maps
;:{x1; : : : ; xn} → {0; : : : ; n}:
Denition 7.5. Let n be a positive integer, let p1; : : : ; pn, q1; : : : ; qn be nonnegative
integers, let < be the atomic formula <(˜x) :
∑n
j=1 pjxj =
∑n
j=1 qjxj (resp., <(˜x) :
∑n
j=1
pjxj6
∑n
j=1 qjxj), and let ; be an element of :n. We put X< = {xj :pj =0 or qj =0},
and ;(<)=maxx∈X< ;(x). Let p
′
1; : : : ; p
′
n, q
′
1; : : : ; q
′
n be the nonnegative integers de6ned
by the rules
p′j =
{
pj if ;(xj)= ;(<);
0 otherwise;
q′j =
{
qj if ;(xj)= ;(<);
0 otherwise:
We de6ne <; as the atomic formula <; (˜x) :
∑n
j=1 p
′
jxj =
∑n
j=1 q
′
jxj (resp., <; (˜x) :
∑n
j=1
p′jxj6
∑n
j=1 q
′
jxj).
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Notation 7.6. Let ; be an element of :n. We put M = {i : ;( i)= ;(5)}, and de-
6ne the formula  ; :
∧
i∈M ( i); (˜x). So we can de6ne the universal Horn formula
’; : (∀˜x)( ; (˜x)⇒ 5; (˜x)).
Lemma 7.7. Let G be a partially preordered abelian group; let I be a totally ordered
set with zero; let aj = gj ⊕ rj · x=j , 16 j6 n; be an assignment of {x1; : : : ; xn} in
G+ ⊕R(I). Then there exists a map ;∈:n that satis9es the following properties:
;(xj)= 0 iff aj ∈G+;
;(xj)¡;(xk) iff ajak for all j; k ∈{1; : : : ; n}: (5)
Note that this map ; is obtained by comparison of the =j’s. We can deduce from
this lemma the following result:
Lemma 7.8. Let < be an atomic formula. In the context of Lemma 7:7;
G+ ⊕R(I) |= <(˜a) iff G+ ⊕R(I) |= <; (˜a):
Proof. Let p1; : : : ; pn, q1; : : : ; qn be nonnegative integers, let < be the atomic formula
<(˜x):
n∑
j=1
pjxj =
n∑
j=1
qjxj

resp:; <(˜x): n∑
j=1
pjxj6
n∑
j=1
qjxj

 :
Without loss of generality, ;(<)= ;(x1). Hence, either p1 or q1 is positive. From (5),
we deduce that <(˜a) holds in G+ ⊕R(I) iN <; (˜a) holds in G+ ⊕R(I).
Corollary 7.9. In the context of Lemma 7:7;
G+ ⊕R(I) |= ( (˜a)⇒ 5(˜a)) iff G+ ⊕R(I) |= ( ; (˜a)⇒ 5; (˜a)):
Lemma 7.10. The universal Horn formula ’ holds in C′ssep i* both following state-
ments are satis9ed:
(i) ’; holds in Ccanc; for all ;∈:n such that ;(5)= 0;
(ii) ’; holds in R+; for all ;∈:n such that ;(5)¿ 0.
Proof. Suppose that ’ does not hold in C′ssep. Then there exist a partially preordered
abelian group G, a totally ordered set I with zero, and elements aj = gj⊕rj · x=j ; 16 j
6 n, of G+ ⊕R(I), such that G+ ⊕R(I) |=  (˜a) (where a˜= 〈a1; : : : ; an〉) and G+ ⊕
R(I) |= @5(˜a). Let ;∈:n be a map constructed as in Lemma 7.7. If ;(5)= 0, then
G+ |=  ; (˜g) and G+ |=@5; (˜g); hence, statement (i) does not hold. If ;(5)¿ 0, then
R+ |=  ; (˜r) and R+ |=@5; (˜r); hence, statement (ii) does not hold.
Suppose now that (i) or (ii) does not hold. If (i) does not hold, then there exist a
partially preordered abelian group G, a map ;∈:n and elements g1, . . . , gn ∈G+ such
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that G+ |=  ; (˜g) and G+ |= 5; (˜g). For all j∈{1; : : : ; n}, de6ne g′j ∈G+ by
g′j =
{
0 if ;(xj)¿ 0;
gj otherwise:
Then G+ |=  (g˜′) and G+ 0 5(g˜′). As G+ =G+ ⊕ {0} belongs to C′ssep, we have
proved that C′ssep 0 ’.
Similarly, if (ii) does not hold, we prove that C′ssep 0’, using the fact that R+ ∈C′ssep.
Then, as a corollary of Proposition 6.10 and Lemma 6.1, the following theorem
holds:
Theorem 7.11. The universal theory of all strongly separative po+-monoids is
decidable.
As another application of Remark 2.11, we mention the following:
Corollary 7.12. The universal theory of all strongly separative commutative monoids
is decidable.
7.2. The case of separative po+-monoids
As already observed in Section 1, Theorem 2, any separative po+-monoid embeds
into a direct product of the form
∏
i∈I (G
+
i ∪{∞}), where the G+i -s are positive cones
of partially preordered abelian groups, that is, the G+i are cancellative and minimal
po+-monoids.
Note that, by Lemma 4.4, any cancellative po+-monoid A embeds into a cancella-
tive and minimal po+-monoid G+A , hence, the po
+-monoid A ∪ {∞} embeds into the
po+-monoid G+A ∪ {∞}.
From these results, we can easily get the following theorem:
Theorem 7.13. The universal theory of all separative po+-monoids is decidable.
Proof. Let ’ : (∀˜x)( 1(˜x) ∧ · · · ∧  l(˜x) ⇒ 5(˜x)) be a universal Horn formula. By
Lemma 7.2, it is suQcient to decide whether ’ holds in every G+∪{∞}, where G is a
partially preordered abelian group.
Now, the proof is the same as in the previous subsection, considering the set :′n of
all the maps ;: {x1; : : : ; xn} → {0; 1}.
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